We study what we call the all-loop anisotropic bosonized Thirring σ-model. This interpolates between the WZW model and the non-Abelian T-dual of the principal chiral model for a simple group. It has an invariance involving the inversion of the matrix parametrizing the coupling constants. We compute the general renormalization group flow equations which assume a remarkably simple form and derive its properties. For symmetric couplings, they consistently truncate to previous results in the literature. One of the examples we provide gives rise to a first order system of differential equations interpolating between the Lagrange and the Darboux-Halphen integrable systems.
Introduction
The change in the behaviour of a field theoretical system is encoded in the way the coupling constants of the theory alter with the energy scale. This is studied mathematically under the general frame of the renormalization group (RG), a systematization started in the early seventies [1] . These investigations typically give rise to a system of first order coupled non-linear differential equations, the RG flow or β-function equations, for the couplings of the theory (for a thorough introduction and a review of the subject see [2] ). Typically one starts from an asymptotically free theory in the UV or from a conformal field theory (CFT) and then flows away by perturbing with relevant operators. In traditional approaches the RG flow equations are determined order by order in perturbation theory. It is a natural question to ask if it is possible to compute these equations exactly in the coupling constants or at least for some of them. This is important from a physics view point since one could discover new fixed point theories towards the IR. Mathematically it is a very difficult task since in doing so one has to take into account irrelevant operators as well.
Given the above comments it is always exciting if we can obtain the exact RG flow equations for (at least some of) the couplings of a theory. Intuitively we expect that this could be feasible if the perturbed theory is highly symmetric. Such cases arise when the starting point is a two-dimensional CFT with infinitely dimensional current algebra symmetries for the left and the right movers.
A model where this is possible to a certain extend is the bosonized version [3, 4] (and references therein) of the non-Abelian Thirring model [5] . We will call in short this the non-Abelian Thirring model which has an action of the form
where S 0 describes a CFT containing right and left affine Lie algebras both at level k with currents J a + and J a − , respectively. The β-function for this theory was computed in [6] to all orders in λ and to leading order in 1 k . The generalization of this computation to the anisotropic non-Abelian Thirring model in which the current-current interaction in (1.1) is replaced by an arbitrary symmetric coupling matrix was performed in [7] . In these cases the computations were performed using current-algebra techniques without much reference to the geometrical details of the background in (1.1). It is very interesting to obtain an effective action in which all effects of the parameter λ have been incorporated exactly and where the only perturbative expansion is with respect to 1/k.
In a recent development a large family of σ-models was constructed in [8] by a gauging procedure. It interpolates between the Wess-Zumino-Witten (WZW) model and the non-Abelian T-dual of the principal chiral model (PCM) model for a simple group G. In the simplest case this σ-model action was shown to be integrable [8] by demonstrating that certain algebraic constraints for integrability [9] were satisfied. It incorporates non-trivially a single parameter, for small values of which it coincides with (1.1). Remarkably, the RG flow equation to leading order in the 1/k expansion was computed in [10] and coincides with the one in [6] . Based on that, it was proposed that this action is the all loop effective of the non-Abelian Thirring model (1.1). In further support, both actions share the same global symmetries and roughly speaking both possess an additional symmetry under the inversion of the deformation parameter λ. This is manifest for the action of [8] but also arises implicitly from path integral considerations involving (1.1) and symmetry arguments, in [11] .
The initial aim of this work was to compute the RG flows for the anisotropic G = SU(2) case, with diagonal coupling matrix λ ab and then to compare the results with the analogue ones in [12] which were found using [7] . Nevertheless, we managed to compute the RG flow equations for the most general class of the σ-models of [8] containing a general deformation matrix λ ab and for general simple group G, and present the result in a remarkably simple and compact form. In the above SU (2) case the derived RG-flow interpolate, between the Lagrange and Darboux-Halphen integrable systems, naturally explained by the interpolating nature of our σ-models.
We believe, but we do not have a proof, that our general RG-flow equations coincide with those of [7, 13] when such a comparison can be made, i.e. when λ ab = λ ba .
However, we provide three non-trivial examples, and found agreement with results following by using the expressions of [7, 13] . In that sense the general σ-model of [8] can be thought of as the effective action for the most general anisotropic non-Abelian Thirring model where all effects related to the coupling matrix λ ab (which may have an antisymmetric part) have been taken into account. As a byproduct of our work we obtain the RG flow equations of the non-Abelian T-dual of the general PCM and we prove that they match those of the general PCM.
The organization of this paper is as follows: In section 2 we set up the general class of interpolating σ-models as suited for our purposes. In section 3 we study various of its symmetries and limits as well as the resulting constraints for the RG flow equations for the coupling matrix λ ab . In section 4 we compute the generalized spinconnection and Ricci tensor corresponding to the metric and antisymmetric tensor of our σ-models. In section 5 we derive and study the β-function for the couplings λ ab .
In section 6 we present two examples based on the anisotropic SU(2) and on the symmetric coset G/H space. In section 7 we compare with existing literature results. We end up our work with a wrap up and a discussion on future directions in section 8.
Setting the frame
In this section we present the two-dimensional σ-models of interest to us, in a way suitable for studying their behaviour under RG flow in subsequent sections.
We will study the σ-models of [8] which we first briefly review for the reader's convenience. Consider a general compact simple group G and a corresponding group element g parametrized by X µ , µ = 1, 2, . . . , dim(G). The right and left invariant Maurer-Cartan forms, as well as the orthogonal matrix relating them, are defined as
which obey 
where E is a real matrix parametrizing the coupling constants of the theory. The first term is the WZW action for a group G which can be explicitly written as 1
The relative coefficient of the quadratic and cubic terms is completely dictated by the PolyakovWiegmann (PW) formula [14] 
which is also very practical in evaluating the action for specific parametrizations of g ∈ G.
The J a ± are the chirally and antichirally conserved currents of the WZW model.
It is better for our purposes to reparametrize the couplings by introducing the matrix
Then the action (2.3) becomes
If the matrix λ is proportional to the identity, then the corresponding σ-model is of special interest since it is actually integrable. This was proven in [8] by showing that the corresponding metric and antisymmetric tensor fields satisfy the algebraic constraints for integrability of [9] and [15] . In addition, in [15] an S-matrix for the SU (2) case was put forward and checked successfully against perturbation theory. A form of the action similar to (2.6) has appeared before in [16] , along with related to this action discussion.
Symmetries and limits of the RG flow
In this section we study various symmetries, properties and limits of (2.6) as well as the emerging constraints on the RG flow.
The action (2.6) has a remarkable symmetry under the inversion of the matrix λ, of the group element g and a simultaneous flip of the sign of the overall scaling k. This is encoded mathematically in the relation
We note that both terms in (2.6) with the precise coefficients are necessary for the proof, which is otherwise quite straightforward.
Consider the limit where all the entries of the coupling matrix λ are small and go to zero at the same rate, i.e. the ratio of any two entries is finite. In this limit the action (2.6) can be approximated by
corresponding to the WZW theory perturbed by the current bilinear J a + J b − with arbitrary coupling matrix λ ab . The first two terms define what we will call the anisotropic non-Abelian Thirring model in analogy with the non-Abelian Thirring model [5] , [4] .
It becomes already apparent in this limit that the left-right current algebra symmetry of the WZW model breaks down completely for a generic matrix λ implying that the σ-model (2.6) has no isometries whatsoever. However, if we allow for a simultaneous transformation of the coupling matrix λ then the σ-model action (2.6) (and of course its limit (3.2)) is invariant under
where g 0 ∈ G is a constant group element and D 0 is defined in (2.1) using g 0 . If λ is invariant under the above transformation for all constant group elements g 0 then, from Schur's lemma, λ is necessarily proportional to the unit matrix, i.e. λ ab = λδ ab .
In that case the action (2.6) becomes
and has a true isometry associated with the transformation g → g 
where t = ln µ, with µ being the energy scale and where f (λ) is a matrix to be determined as we will explicitly do so in section 4. Here we note that due to the symmetry (3.1) we have the relation
which severely constrains the matrix f (λ).
In fact when λ ab = λδ ab this symmetry together with CFT arguments allowed for the almost complete determination of β λ . In this case, the β-function computed in [10] coincides with the all-loop (and leading order in 1/k) result for the non-Abelian
Thirring model found in [6] . The map λ → 1/λ and k → −k (for large values of k) was also noted in [11] without however an explicit realization for the action such as the one in (3.4). It was rather deduced though path integral and symmetry considerations.
In addition, invariance under the symmetry (3.3) implies that
Finally, we note that for k ≫ 1 we may show that the action (2.6) becomes the non-Abelian T-dual of the σ-model action
which is the PCM action with general coupling matrix E ab , a fact proven in [8] . We reproduce the proof here for the reader's convenient. Expanding the matrix elements of λ in (2.5) near the identity we have that
To get a finite result in the limit k → ∞ in the action (2.6), one is forced to also expand the group element near the identity as
This effectively introduces a non-compact set of variables v a in place of the original ones X µ . In that limit we have that
Then in the limit k → ∞ the action (2.6) becomes 12) which is indeed the non-Abelian T-dual of the PCM action (3.8) [17] (for the case with E ab = δ ab this was shown before for SU (2) in [18] and for a general group in [19] ).
The generalized spin connection and Ricci tensor
In this section we compute the generalized spin connection that includes the torsion and the associated Ricci tensor for the background corresponding to the σ-model (2.6).
These are necessary in order to determine the β-function equations for the couplings λ ab . Our computation will parallel, in a sense, the one in [10] for the case with λ ab = λδ ab .
From the metric corresponding to the action (2.6) we extract the frame fields
Hence, depending on the frame we will use, we will bear in mind the use of the metric in raising and lowering indices. This will be done with the metrics g ab andg ab
and their inverses which will be denoted by g ab = g
ab . It turns out that the corresponding background is non-singular if and only if these metrics are positivedefinite. We also note that the frame fields transform under (3.1) as (e,ẽ) → (λe, λ Tẽ ) and that the metric picks up an overall minus sign since we have not included k 2π in its definition.
The matrix relating the above frames reads
It transforms under (3.1) as Λ → λ T Λλ −1 and satisfies the condition 2
We note that Λ is an orthogonal matrix only when λ is proportional to the identity.
From the action (2.6) we also read off the antisymmetric two-form
where B 0 is the antisymmetric two-tensor corresponding to the WZW model action.
The three-form field strength associated to B 0 is
In the following we will use theẽ a frame and we will notationally supply the geometric quantities associated with it with a tilde. The spin-connection ω ab is equal to
A simple computation shows that
Using f abc D ia D jb D kc = f ijk and the first of the identities
with notation Λ −T = (Λ −1 ) T , we may further write that
(4.9) 2 To prove this we found useful to make use of the identity
After some further manipulations we arrive at
from which we compute ω ab|c .
Next we turn to the computation of the field strength of the two-form (4.4). Using the identities 11) this is found to be
Then the generalized spin connection ω − ab that includes the torsion
is found to be
To proceed with the computation of the Ricci tensor we require the exterior derivative of the matrix Λ −T . We found that
Finally we compute the generalized Ricci tensor by employing the general formula for an antisymmetric spin-connection 16) where ∂ a = e a µ ∂ µ . We have used this particular form since, as will see, it will make manifest the appearance of diffeomorphism terms in the RG flow of the coupling matrix elements λ ab . Using (4.16) and (4.10), (4.14) and (4.15) after some manipulations we find that the generalized Ricci tensor is
Note that in computing the relevant part of the generalized Ricci tensor for the RG flow it was not necessary to know the precise form of R − ab , let alone to know first the exact expression of the generalized Riemann tensor. These would have required a much more involved computation. The reader will appreciate this remark if he or she gives a glance at eqs. (A.11) and (A.12) of [10] for the simplest case with λ ab = λδ ab .
Single coupling
We specialize to the case with λ ab = λ δ ab . Then the previous expressions simplify drastically and we find that
where we note that in this case Λ −1 = Λ T and that
The above equal the corresponding expressions in [8] and [10] (up to an appropriate rescaling of the vielbein and a rewriting of dΛ ab ).
Computation of the RG flow equations
In this section we derive the RG flow equations for (2.6) and then study various properties and limits.
The one-loop β-function equations for a general σ-model are given by [20] [21] [22] 
where in the last steps we used (4.1) and (4.2). For completeness we note that if we had not assumed that k is fixed, we would have obtained the expressioñ
Using the latter, (4.17) and (5.3) we conclude that
whereξ a = ω −c a|c and that k does not flow. Thus the topological nature of its quantization, due to the WZW limit (achieved when λ → 0) [3] , persists at one-loop.
We can write the above system in terms of matrices N a (λ) with elements
Comparing with (3.5) we find that the matrix f (λ) has elements
Properties of the RG flow equations
There are several properties of the RG flow equations (5.8) which we list below:
1. The system (5.8) satisfies the condition (3.6) due to the transformation
2. In addition it respects the symmetry (3.3) due to the transformation
3. It holds its form under λ → λ T .
A symmetric coupling constant matrix λ remains symmetric under the RG flow.
This is readily seen from (5.8) if we use that λ T = λ. Hence it is consistent to restrict to symmetric couplings as in [7] which we examine closer in sections 6 and 7 below.
A purely antisymmetric coupling matrix is not consistent with the RG flow equa-
tions. Hence, if at some energy scale the matrix λ ab is antisymmetric this will not persist along the flow.
6. In the special case of λ ab = λ δ ab or λ ab = λ (D 0 ) ab (for constant group elements), we find that
where c G is the quadratic Casimir in the adjoint representation, defined from the relation f acd f bcd = c G δ ab .
7. The system (5.8) is in agreement with general CFT considerations
where a CFT is perturbed with operators of mass dimension equal to two as in our case.
Finally, we note that (5.8) encodes the RG flow equations for the non-Abelian
T-dual of the PCM given in (3.12). We provide some details below.
RG flows in the general PCM and its non-Abelian T-dual
In the limit (3.9) the system (5.8) becomes
where
ab . These are the RG flow equations corresponding to the limit action (3.12) . Since this action is equivalent to the PCM action by a classical canonical transformation 4 we expect that the physical information contained in the β-function equations will be preserved. That implies that the β-function equations for the general PCM should be given by (5.14) as well. This is already proven due to the equivalence of RG flow system of equations in Poisson-Lie T-duality related σ-models in [23] . In this context non-Abelian T-duality is a particular case. Nevertheless, we present for completeness an independent proof that (5.14) also follow from the β-function equations of the PCM models action (3.8) . For this action we can derive the metric and the two-form 
Using (4.16) and the latter, we can easily find that
with no appearance of diffeomorphisms. Plugging the latter into the RG flow equa-
we readily find (5.14). Thus the RG flow equations of the general PCM are the same with its non-Abelian T-dual as stated above.
Applications
In this section we focus on cases of particular interest which involve a truncation of the form of the matrix λ. This has to be done with care since setting arbitrarily entries of the matrix λ to zero will not be preserved by the flow (5.8).
The SU(2) case: Lagrange and Darboux-Halphen systems
Consider the simplest case with G = SU (2) and
Using for representation matrices t a =
, where σ a , a = 1, 2, 3 are the Pauli matrices leads, due to our normalization conventions, for the structure constants to f abc = √ 2ε abc . Then from (5.8) we find the system of differential equations
and cyclic in 1, 2, 3. It turns out that dλ ij dt = 0, ∀i = j, so that the restriction (6.1) to a diagonal matrix is a consistent one. Note the symmetry of the system under the
which follows from (3.1).
For λ i ≪ 1 this system behaves as
and cyclic in 1, 2, 3, which is the Lagrange system.
In the opposite limit, when λ a → 1, let
Then in the limit k → ∞ we obtain
and cyclic in 1, 2, 3, which is the Darboux-Halphen system. This system also follows from (5.14) with E ab = diag(x 1 , x 2 , x 3 ). It first appeared in RG flows for the PCM for SU(2) with the above diagonal matrix E ab in [24] . The Lagrange and the DarbouxHalphen systems arose before in general relativity by imposing the self-dual condition on the Bianchi IX with SU(2) isometry four-dimensional Euclidean metrics [25] .
In conclusion the system (6.2) interpolates between the Lagrange and the DarbouxHalphen systems. These have a Lax pair formulation, i.e. [26] . It is very interesting to investigate if this is the case for the interpolating system (6.2) as well.
The two coupling case using a symmetric coset
Let's split the group index into a part corresponding to a subgroup H of G and the rest belongings to the coset G/H. We will keep denoting by Latin letters the subgroup indices and by Greek letters the coset indices. Consider the case in which the matrix λ has elements
It turns out that the above restriction is consistent with the system (5.8) only for symmetric coset spaces G/H, for which the structure constants f αβγ = 0. Using that for symmetric spaces
we find the system of equations
In the limit of λ G/H = 0 they consistently truncate to the RG flow equation (5.12) with (λ, c G ) replaced by (λ H , c H ). 5 For small couplings these read
10) 5 In fact this is the case for general cosets and for coupling matrices of the block diagonal form λ = λ H ⊕ O G/H , where λ H is a general dim H square matrix. To prove this we observe that the nonvanishing components of the matrices N m are
Then clearly the RG flow equations (5.8) become that for a subgroup H ∈ G with λ replaced by λ H . Consistent to these is the fact that the action (2.6) retains its form but with λ replaced by λ H and with the indices a, b taking values in H. The interpretation of this new more general than (2.6) action is of the all-loop action of the anisotropic non-Abelian Thirring model for a group G where the perturbation is by a general current bilinears in H ∈ G.
which is in agreement with general CFT expectations, i.e. with (5.13). Note that for groups for which their rank can be taken arbitrarily large the exact expression for the running of couplings can be simply obtained from the perturbative result. This can be seen by noting that when c G → ∞ and c H → ∞ so that their ratio remains finite we
Then the running of the x's coincides with that we would have obtained from the leading terms in (6.10).
Flows from coset CFTs
Recall that in [8] a second class of σ-models was constructed interpolating between coset CFTs realized by gauged WZW models and the non-Abelian T-dual of coset PCM models. This construction is based in a limiting procedure in which the part of the coupling matrix E (taken to have a block diagonal structure in the subgroup H and the coset G/H spaces) in (2.3) with subgroup indices is taken to be zero. Then the action (2.6) depends actually not on all of the dim(G) variables X µ but on dim(G/H) variables. For more details the interested reader is refereed to [8] . Returning to our case note that in this decoupling limit of the subgroup the parameter λ H = 1. Then we find from (6.
which again is in agreement with general CFT expectations. It is interesting that the all-loop result is identical to the one-loop in λ G/H perturbative CFT result, at leadingorder in the 1/k expansion. The result in (6.11) is essentially the same as that obtained in [10] for the simplest case with G = SU (2) and H = U (1) . In addition the RG flow will be the same no matter what the subgroup H is, as long as the coset G/H is a symmetric space. We note that λ H = 1 is a fixed point, only if the subgroup is Abelian, see also [23] . 6 6 It turns out that λ H = 1 corresponds to a fixed point of the group G since λ G/H = 1 is also enforced. To prove this, we use (6.9) for λ H → 1 − and we find for Abelian subgroups that
Hence, the σ-model flows towards the IR to the non-Abelian T-dual of the PCM for the group G.
Comparison with literature
The purpose of this section is to compare results following from our general formula for the β-functions (5.8) with existing ones in the literature.
The authors in [7, 13] , considered the anisotropic Thirring model action given by the first two terms in (3.2) with symmetric coupling matrix λ and computed the corresponding β-functions using current algebra CFT techniques. The general formula they obtained is not apparently the same as (5.8) and in fact it looks more complicated. Given our completely different approach it is important to make a comparison.
First we briefly review the results of [7] . One considers a perturbation of the form 
one extracts the structure constants C AB C . The following three conditions ensure closeness of this algebra and renormalizability at all orders
These relations define the set of coefficients D AB C and R A B . Note also the consistency
Finally one defines the vector and the matrix
for any two vectors x and y, as well as
Then the β-function equations are given by [7, 13] dh In the following we concentrate on two non-trivial examples, namely the SU (2) and the symmetric coset G/H cases, where we will use (7.7) to compute explicitly the RG flow equations for the couplings. We will find perfect agreement with (6.2) and (6.9) we have found using our general formula (5.8). Based on that we believe that the system (7.7) becomes identical to that in (5.8) for the case of a symmetric, but otherwise general, coupling matrix λ. The proof should be a nice mathematical exercise.
The SU(2) case
For the case of SU(2) consider turning on just three couplings, h A , A = 1, 2, 3 a case that has been considered in [12] . Referring to (7.1) and choosing as the non-vanishing 
and cyclic permutations in 1, 2, 3. Then plugging these into (7.7) we find (6.2), a result consistent with that in [12] (after relabeling and rescaling).
The two coupling case using a symmetric coset
Let us concentrate on the case of symmetric coset spaces for which f αβγ = 0. We turn on two couplings, one for the subgroup h H and one for the coset h G/H . As before let
Latin indices denote the subgroup and Greek ones the coset. Hence, we have that 
In deriving the above we used (6.8). Plugging these into (7.7) we find precisely (6.9) with the identification λ H = h H and λ G/H = h G/H .
Non-diagonal case
Finally, the reader might also require a further example, involving a non-diagonal (symmetric) coupling matrix, so to strengthen the declared equivalence between (5.8) and (7.7). We did so for a consistent truncation in the SU(2) case, i.e. λ 12 = λ 21 and λ 33 and the results followed from these two expressions are in perfect agreement.
Conclusion and outlook
The main result of the present paper is the proof of the one-loop renormalizability and the computation of the RG flow equations for the coupling matrix λ ab of the action (2.6). This computation was achieved using the standard expression for the one-loop renormalizability of two-dimensional σ-models of [20] [21] [22] and the explicit expression for the β-function equations is given in (5.8). We used this result to further claim that the action (2.6) is the effective action encoding all loop effects in the coupling matrix λ ab of the fully anisotropic non-Abelian Thirring model action defined by the first two terms in (3.2). The basic support for the above claimed equivalence is the fact that in some highly non-trivial cases our RG flow equations are the same as the ones we have found using a general formula for the running of couplings of the anisotropic symmetric non-Abelian Thirring model action given by (7.7). This formula was obtained in [7] using current-algebra techniques and is an all order in the couplings result (but leading in 1/k). Even though we have not proven the equivalence of (5.8) and (7.7)
in general we believe this to be the case for the case (of course when λ ab is symmetric). Our result (5.8) has the advantage of being more general since it includes cases of non-symmetric λ ab and in addition it has a remarkably much simpler form. It will be interesting to investigate the RG flow equations (5.8) for specific low dimensional groups.
We have found a particularly interesting result for the anisotropic SU(2) case with diagonal coupling matrix λ ab . The RG flow equations interpolate between the Lagrange and Darboux-Halphen integrable systems of differential equations. It will be interesting if the integrability property of the system is maintained in general beyond the these limit cases.
Finally we note the existence of the all-loop RG flow equations for the anisotropic bosonized non-Abelian Thirring model with different left and right levels of the current algebra [27] . In particular, using Eq.(4.6) of this work we have computed the β-function for left and right currents with different levels k L and k R . The result is
and cyclic in 1, 2 and 3. This is the analogue of (6.2) to which reduces for the special case with k L = k R = k and λ i → λ i /k. We have also computed the analogue of (6.9) for the case of symmetric cosets G/H with different levels for the left and right current algebras but will not present here the result. Such models are not captured by our all-loop action Eq.(2.6), since the WZW action provides a left and a right current algebra with equal levels. It is will be interesting to realize the above RG flow systems of equations with specific σ-models.
As mentioned, for the general σ-model action (2.6) only the case with λ ab = λδ ab corresponding to (3.4) has been proven to be integrable. It is likely that other choices for λ ab may correspond to integrable models as well. A necessary condition for a model to be integrable is that the non-Abelian action (3.12) to which it tends in the limit (3.9) is integrable. Since non-Abelian T-duality preserves integrability (see appendix D of [8] ) this is equivalent to looking at cases with proven integrability in PCM which have been worked out in the literature. Such a case is the anisotropic with diagonal λ ab coupling matrix SU(2) PCM for which integrability was shown in [28] [29] [30] .
It will be highly non-trivial if this model is integrable.
